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Abstract Subgradient methods (SM) have long been the preferred way to
solve the large-scale Nondifferentiable Optimization problems arising from the
solution of Lagrangian Duals (LD) of Integer Programs (IP). Although other
methods can have better convergence rate in practice, SM have certain advan-
tages that may make them competitive under the right conditions. Further-
more, SM have significantly progressed in recent years, and new versions have
been proposed with better theoretical and practical performances in some ap-
plications. We computationally evaluate a large class of SM in order to assess
if these improvements carry over to the IP setting. For this we build a unified
scheme that covers many of the SM proposed in the literature, comprised some
often overlooked features like projection and dynamic generation of variables.
We fine-tune the many algorithmic parameters of the resulting large class of
SM, and we test them on two different Lagrangian duals of the Fixed-Charge
Multicommodity Capacitated Network Design problem, in order to assess the
impact of the characteristics of the problem on the optimal algorithmic choices.
Our results show that, if extensive tuning is performed, SM can be competitive
with more sophisticated approaches when the tolerance required for solution
is not too tight, which is the case when solving LDs of IPs.
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1 Introduction

The aim of this paper is to computationally evaluate a large family of ap-
proaches for the solution of problems of the form

fo=min{ fO) = Syex f£O) : A€ A} M

where K is a finite index set, A C R" is closed, convex and “easy” in the
sense that projection upon A is inexpensive, and f* : R® — R are proper con-
vex functions. The generalized gradient descent method, a.k.a. the Subgradient
Method (SM), is the extension of the gradient method for smooth optimiza-
tion introduced in the 60s [6GI] that solves (Il) under very mild conditions.
In particular, each of the functions f* need only be known through a “black
box” that, given A\ € A, returns the function value f*(\) and a subgradient
g* € 0f*()\). Then, after computing f()\) according to (), and similarly for
D okek g" =g € 0f()\), the algorithm employs the simple recurrence formula

Niv1 =N —vigi 5 Mg =Pa(hip), (2)

where P denotes the orthogonal projection on A. Only very simple rules are
required to the stepsize v; € Ry to ensure that the sequence { f; = f(\;)}
asymptotically solves (), i.e., liminf; ,~ fi = foo = f«. Under mild additional
assumptions, cluster points of { \; } also are optimal solutions to ().

SM require ©(1/¢?) iterations to solve () up to absolute error €, which
means that they are not practical for attaining any more than a modest ac-
curacy. Yet, that is also the best possible worst-case complexity for the min-
imization of a generic nondifferentiable function only known via a black box
[51]. Besides, the complexity is independent of the size n of the problem.
Therefore, SM may be promising for very-large-scale problems where a high
accuracy is not necessary, whereas a short running time is a primary concern.
This happens to be often the case when f is the Lagrangian function of a hard
optimization problem, say a block-structured Integer Program (IP)

max{ Y ccctuf o Y, ARF =0 WP eUF kek} (3)

where one relaxes, in a Lagrangian fashion, the complicating constraints that
link together blocks of variables that would otherwise be independent, yielding

FO) =AM+ e (fFN) =max { (" = ARk - ubeUP}) . (4)

Often the sets U* are “hard”, say encompassing integrality restrictions, so that
@) is a “hard” problem. Thus, ) is less hard than (@) if only because it de-
composes into smaller independent subproblems. In some cases () is simpler
even if || = 1 since U! has a specific structure that can be algorithmically
exploited; sometimes, as in §3.0] both effects apply. Therefore, to simplify the
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On the computational efficiency of subgradient methods 3

notation we will write cu, Au = b and U respectively for the objective function,
linking constraints and feasible region in ([B]) /@) when the sum-function struc-
ture is better ignored. We also remark that there is a slight (and intended)
inconsistency between (@) and (), in that the former actually has || + 1
functions counting the linear one Ab; we will ignore this detail (say, assume
b = 0) up until it becomes relevant.

The Lagrangian relazation ) of the IP ([@]), although not the only appli-
cation of SM, has been one of the main factors motivating the interest in this
class of algorithms. After the seminal [36], the use of Lagrangian Duals (LD)
[32] has been a staple of integer optimization for over two decades, during
which “Lagrangian relaxation” has invariably been a synonym of “solving a
LD by a SM.” In fact, some of the improvements on the SM originate from the
IP community, such as the deflection techniques introduced in [T4] to face the
“zig-zagging” behaviour whereby ¢;11 &~ —g;, so that two “reasonably long”
steps combined make an “unfeasibly short” one. This leads to replace (2]) with

Xi+1 = )\z — I/idi (5)

where the direction d; is obtained by some linear combination of the current
subgradient g; and the previous direction d;_1. In the constrained case, the
fact that d; is chosen without regard of the feasible set A also independently
causes the zig-zagging phenomenon, unless conditional subgradient techniques
[45] are employed whereby d; is first projected on the tangent cone of A at \;
(it is somewhat surprising that the combination of deflection and projection
has not been analyzed until [21]). Again, IP has been the main motivation for
their development: inequality constraints Au < b in @) give A = R%. Also,
stepsize rules have been developed specifically for integer optimization [GL3T].

The appeal of SM has started to decrease during the early 90s, for dif-
ferent reasons. On one hand, the success of polyhedral techniques has meant
that Branch&Cut (B&C) approaches based on standard Linear Programming
(LP) techniques have rapidly became the method of choice for the solution of
IPs. On the other hand, Cutting-Plane (CP) methods for solving () had been
known for almost as long as SM [40], and variants have been developed over
the years that have been proven to be superior to SM in many circumstances.
In particular, both Bundle methods [37,[47.[64] and center-based methods [22]
(the latter often [33], but not always [57], based on interior-point techniques)
stabilize the original CP, most of the time resulting in the best performances
[TOT3T930]. Yet, the computational advantage of these methods upon SM is
mostly seen “at the tail” of the process, where SM convergence remains slow
whereas other methods can (if properly set) rapidly accrue “the right set of
information to stop” [2930]. In earlier stages the behaviour is more similar,
despite the fact that the other methods hoard much more information than
SM do [13]. This implies a higher cost per iteration due to the solution of the
Master Problem (MP), that can account for a large part of the total compu-
tational time [271[29], thereby possibly negating the advantage due to faster
convergence. Although the cost of the MP can be decreased, e.g. by developing
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4 Antonio Frangioni et al.

specialized methods [24] or by reformulating it so that it can be more effec-
tively solved by standard ones [8], the SM is inherently less expensive. The
MP cost is particularly hurtful when solving the subproblems in parallel, since
then the MP is the sequential bottleneck that limits the parallel speedup [15].
Furthermore, research on SM continued to bring improvements. One was
the re-discovery [BL6L46] of what should have been a well-known property [2],
i.e., that SM can be endowed with ways to produce (approximately) optimal
solutions to the convezified relazation [48]. This puts them on par with Bun-
dle and center-based methods, that have always been well-known for being
able to produce primal solutions [23L26] as a by-product of dual optimization.
Also, incremental SM have been proposed [411[50L56] which allow to exploit
the block-separable structure of (@) to potentially speed-up computations,
something that—albeit with a very different set of trade-offs—Bundle meth-
ods were already well-known to be able to do [410L2229,39]. Finally, fast SM
have been proposed, starting with [52153], which try to exploit structure in f
to close the gap with fast gradient methods [51], that have substantially better
convergence rates than SM but require differentiability of f. Applied to our
setting these would require to solve the modified Lagrangian problem as

fu(A) = A+ max{ (¢ — AA)u — pd(u) : ue U} , (6)

with an appropriately defined strongly convex proz-function d(u) so that f,
is a smooth lower approximation of f, and the two minima can be related
by a simple function of p. Thus, one can apply a fast gradient to f# and,
appropriately managing pu, efficiently obtain an approximate solution to ().
This approach has been quite successful in several applications that require
the solution of large-scale convex optimization problems [49], such as machine
learning, data mining, inverse problems, and imaging (e.g., [II7]). In turn,
this has stimulated a vibrant research stream that is producing new results
[T1L441[7]. While the modification (@) is typically not viable in IP applications,
primal-dual SM (PDSM) [54] can be defined that try to achieve similar re-
sults with an oracle for the original function. Indeed, the recent universal fast
gradient method [55] automatically switches from the fast gradient, when f
has the required properties, to PDSM when these are missing; for this reason,
in this paper we take PDSM as the representatives of “modern” SM. Even
the very recent [38], which combines in a unified framework PDSM with the
Mirror-Descent method [51]], provides only a slight generalization that does
not significantly enlarge the class of approaches that can be implemented.
The aim of this paper is to assess how the recent developments in SM have
influenced their computational significance for the approximate solution of LD
of IPs. Our interest is motivated by the fact that, when used to provide lower
bounds on (@), (@) has to be solved with the same accuracy required to the
solution of (B]), which is usually around 1e-4 relative. This value is, broadly
speaking, not so coarse that a SM is clearly the best choice to attain it (as
would, say, be 1e-2), but as well not so fine as to be basically hopeless to
attain with a SM (as would, say, be 1e-6). This middle ground needs there-
fore to be explored computationally. Towards that aim we unify most of the
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On the computational efficiency of subgradient methods 5

known SM under a general scheme, starting from [21I] that first unified deflec-
tion and projection and adding a number of other practically relevant issues
such as several different forms of deflection and stepsize formulae, incremental
approaches, and dynamic generation of Lagrangian variables. The aim is not
providing theoretical contributions: some of the variants that we have tested
do not even have a rigorous convergence proof (cf. Table Hl). We have instead
developed an object-oriented C++ code, which we plan to openly release, that
implements the proposed general scheme in a flexible way so as to make it
easy to add new variants. The code is tested on the solution of two different
LD of the Fixed-Charge Multicommodity Capacitated Network Design (FC-
MCND) problem [I§]. While both relaxations exhibit the block-separable form
[, they differ—for the same FC-MCND instance—in |K|, n, and whether or
not A = R™. These characteristics have an impact on the optimal choice of the
algorithmic parameters for SM, helping in better characterizing the strengths
and weaknesses of each variant. However, the two LD ultimately compute the
same bound, which allows for an interesting comparison between them as well
as with other solution methods that attain the same bound, such as different
algorithms to solve the same LD and the use of general-purpose LP solvers.

The paper is organized as follows. In Section 2] we discuss the main char-
acteristics of the SM presented in the literature, and we discuss a unified
algorithmic scheme that encompasses them. Section [3]is dedicated to our ex-
tensive numerical experiments: we describe the target FC-MCND problem and
its two different Lagrangian relaxations, then the experimental setup, and fi-
nally the results of the best SM variants, briefly comparing them with other
approaches. These results, and the learned lessons, are summarized in Section
@ The Appendix contains the details of the algorithmic parameters of the SM
we have used and of the tuning we have performed on them.

2 A general subgradient scheme

In this section we discuss the basic building blocks of SM, and we describe a
general scheme encompassing many of the variants proposed in the literature.

2.1 Building blocks of subgradient methods

Each SM is constructed by combining a set of basic “building blocks”. We now
briefly discuss them, with the fine details provided in the Appendix.

2.1.1 Stepsize rules

A crucial aspect of any SM is the selection of the stepsize v;. One of the
surprising properties of these algorithms is that the stepsize can be in fact
chosen without any knowledge, either a-priori or a-posteriori, of the specific



184

185

186

187

188

189

190

191

192

193

194

195

196

197

198

199

6 Antonio Frangioni et al.

function to be minimized; indeed, any choice of the stepsize satisfying the
so-called diminishing/square summable condition

Yitivi=oo YL vi<oo,

of which v; = 1/i is the prototypical example, leads to a convergent algorithm.
While this emphasizes the robustness of SM, these Stepsize Rules (SR) are
most often inefficient in practice. The first efficient SR is due to Polyak [58],
and simply reads v; = B;(fi — f)/llgill?, with B; € (0,2) arbitrary. This,
however, needs to be revised, because in general d; # g; (cf. $Z1T.2), and f, is
not known. This leads to the Polyak-type target value SR of the form

vi = Bi(fi = Fi")/ I dil® (7)

where fl¢ is some approximation of f.. Several SR of this type have been
proposed; see, e.g., [BIGLI2L2043[60]. Except in specific cases that will be
discussed separately, all of our SR will have this form. The nontrivial issue in
(@) is, clearly, how fl¢¥ is determined. Without any external information, the
typical approach is the target following one, where fi* = fre¢ — §; using the
record value fI¢=min{ f; : I =1,...,4} and the displacement §; > 0 (which
guarantees v; > 0). The rules for choosing ¢§; are divided into vanishing and
nonvanishing ones according to the fact that §; \ 0 as ¢ — oo, or not [211[42]

20 [B9]. However, our application has the specific benefit that often a lower bound
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on f, is available. This is typically provided by the cost cu of some feasible
solution of (B)). In theory @ may not always be available, for instance because
@) is actually empty. However, in many cases feasible lower bounds can easily
be computed early on. For the application of §3.1] for instance, it is easy to
detect if a solution exists at all by simply solving a continuous relaxation; if not
there is no point in solving (), otherwise rounding provides a feasible solution
@ which can be used as a feasible lower bound to all nodes of a B&C approach.
Indeed, at each node the algorithm is stopped as soon as f°¢ < cu(1 + n),
where 7 is the required relative accuracy for the solution of (B]). Hence, in our
tests we will assume that a lower bound f < f, is available, which provides a
workable fl¢¥ without a need for target following techniques to be used. This
allowed us to reduce the set of SR to be tested to only the following three:

1. the Polyak rule [58], whereby $; and f!*¥ do not depend on i;

2. the ColorTV rule as implemented in the Volume algorithm [5], which is
based on classifying the iterations as green, yellow and red according to
the improvement Af; = f;—1 — f; and the scalar product d;_1g; (cf. §A.2);

3. the FumeroTV rule introduced in [31], specifically designed for LDs of IPs
and that changes both 3; and f/** in two different phases (cf. §A.2).

It would, however, be straightforward to test other approaches in our C++
framework, such as the standard target following ones [211[42][59]. In fact, other
than the above three Polyak-type rules, we have also tested the entirely dif-
ferent SR corresponding to PDSM, as discussed next.
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On the computational efficiency of subgradient methods 7

2.1.2 Deflection

We have always used the fairly (although not entirely) general version
di = aigi + (1 — o) di—a (8)

of the Deflection Rule (DR) (&) to compute the next iterate, for the deflection
parameter «; € [0,1]. The use of a convex combination is crucial in the analy-
sis, because it ensures that d; is always an approximate (conditional, cf. §2.T.3))
subgradient of f, as recalled in §2.21 Furthermore, this allows to produce (hope-
fully, asymptotically feasible) primal solutions u € conv(U) that are useful,
e.g., for the active-set strategy discussed in §2.T.0 Finally, since d; is ulti-
mately to be scaled by the stepsize v;, the multipliers can always be scaled
(up or down) as to sum to one, with the scaling factor then accounted by v;.
For our experiments we have considered the following three DR:

1. the STSubgrad rule of the non-deflected SM [5], i.e., o; = 1;

2. the Volume rule where «; is chosen as the (safeguarded) optimal solution
of the one-dimensional quadratic problem [BL[6] (cf. §A.3);

3. the Primal-Dual rule of [54] for PDSM, which actually choses «; and v;
simultaneously in order to obtain optimal worst-case estimates on the SM
convergence rate, in both the Simple Averages (SA) and the Weighted
Averages (WA) variants (cf. §A.3).

Other rules have been proposed, such as the original one in [14] which used
the largest possible «; yielding d;—1g; > 0 (i.e., o; = 1 if the property already
holds). Again, testing then in our C++ framework would be straightforward.

2.1.3 Projection

In the constrained case, what is actually minimized is the essential objective
faA) = f(A) +1(N), where 1(+) is the (convex) indicator function of A (i.e.,
1(A) =01if A € A, and 1(\) = oo otherwise). It is well-known that the normal
cone N; to A at \;, which is the polar of T;, is d1()\;). Projecting g; on T;
is then choosing some w; € 01();) in order to use g; + w; € dfa()\;), instead
of just g;, to define d;. While this is quite natural, at least if A is easy to
project upon, things are more complex under (), as there are then 8 possible
deflection schemes, corresponding to all possible combinations to projecting
gi—1, di—1 and d;. The analysis of [21] shows that theoretical convergence can
be attained in two ways. The first is the stepsize-restricted one, limited to
stepsize rules of the form (7)), which requires the satisfaction of the safe rule

Bi <o (1), 9)

ensuring that a step over a direction that is very far from —g; cannot be
too large. In the deflection-restricted one, v; can rather be choosen arbitrarily
provided that «; is kept “large enough” by

(villdical?)(fi = f1° + villdica1?) < 0 (10)



259

260

261

262

263

264

265

266

267

268

269

270

271

272

273

274

275

276

277

278

279

280

281

282

283

284

285

286

287

288

289

290

291

292

203

294

295

296

297

298

8 Antonio Frangioni et al.

If projection on A is too expensive, it could be substituted with partial projec-
tions working onto the individual constraints sets [16]. This would not change
much the algorithmic scheme presented in this paper; besides, “complex” A
are comparatively rare in our preferred application.

2.1.4 Incremental approaches

When |K] is very large, the total cost for computing f(\;) may be large even
if each f* is, taken individually, quite inexpensive. Motivated by training ap-
proaches for machine learning, incremental SM have been developed where
the “full” subgradient g; is replaced by g of one component k € K. Ideally, a
sequence of incremental (inner) iterations performed along single-component
subgradients could be roughly as effective as a sequence of full (outer) iter-
ations, while the function evaluation cost is reduced by a factor of 1/|K| [9,
[56]. However, to guarantee convergence one needs to regularly compute the
whole function f, so not all the iterates can be incremental. Besides, due to
the risk that a step along one “rogue” component may move \; away from
the optimum, the stepsize of incremental iterations need to be reduced with
respect to that of full ones (cf. (I4) below).

2.1.5 Active set

When the number n of variables (i.e., of Au = b constraints in () is large,
it may be convenient to employ an Active Set (AS) strategy whereby only a
(small) subset of them is given a nonzero value at each iteration [26,291[30].
This is in particular sensible if the constraints have the form Au < b (=
A =TR"), because one can expect that only a fraction of them will actually be
binding at optimality. Indeed, the AS allows to deal even with exponentially
many constraints, provided that an efficient separator is available, which is
known as “Relax-and-Cut” [35]. The relevant technical issue is what solution
u € U is used to perform separation, i.e., to identify violated constraints to be
added to the AS. An obvious choice is the optimal solution u; of (@) for the
current iterate A;, but a more sound choice is the converified solution u; that
can be generated at each iteration [2L[5L61341[46] and that, under appropriate
conditions, converges to the optimal solution of (@) (if it is a convex problem,
of its convexified relaxation otherwise). Under (8l), this is simply obtained as
; = aju; + (1 — «;)t;—1. The AS technique poses little convergence issues if
the AS is monotonically increasing (eventually, all variables will be active);
careful removal of variables from the AS is also possible.

2.1.6 Summary

All these aspects give rise to a rather large set of possible combinations, many
of which have algorithmic parameters that have to be tuned for optimal per-
formances. Not all of these combinations have reliable proofs of convergence,
although several do (cf. TableH]). In practice, barring dramatic mis-settings of
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the algorithmic parameters, all the ones we have tested showed at least some
degree of convergence, confirming the well-known fact that SM are remarkably
robust approaches. Despite being very many (cf. the Appendix), the combi-
nations that we have tested do not cover all possible variants of SM. Among
the techniques that have been left out of the experiments are space-dilation
methods [41l, §7.2], other SR like variants of the Polyak stepsize [41], (7.11)]
or Ermoliev-like stepsizes [41l (7.6)—(7.9)], the heavy ball SM [62] popular in
machine learning, and others. Yet, the structure of our C++ code would allow
to easily incorporate most of these variants.

2.2 A generic subgradient scheme

We now present a generic scheme of SM, in order to be able to discuss the
nontrivial interactions between its individual components.

0. Input the algorithmic parameters, among which StepRes;
Select A\g € A; A\j < Ao, fo = —00, dy < 0, i < 0 and go to step 4;
1. POSSibly, di_q PTi(di—l );
if( StepRes ) then o; = Deflection(); ComputeD(); v; = Stepsize(a;);
else v; = Stepsize(); o; = Deflection(y;); ComputeD();
2. If some stopping test is satisfied, exit;
3. )‘i-‘rl — PA()\i — vd; );
4. OutItr = true if an outer (full) iteration is to be performed;
if( QutItr ) then evaluate fi11 = f(Nit1) and git1 € Of (Nig1);
else select k, evaluate f¥(\;1) and giv1 € OfF(Nig1);
5. Possibly, gi11 + Pr,(git1 ). Select A\i11, set fir1 accordingly;
6 i< 1+ 1 and go to step 1.

The following general remarks discuss the common features of all the variants.

— The new iterate is generated at Step 3 starting from the stability center
\i, which is updated at Step 5. In the original SM the update is always
5\i+1 = Ai41- In the parlance of Bundle methods, this is called a Serious
Step (SS), as opposed to Null Steps (NS) where \;+; = \;. Changing )\; is
sensible if this leads to a significant improvement of the function value, i.e.,
Afi = fi— fiz1 > 0, otherwise a NS may be preferable. This is the strategy
often used (cf. §A.3), although PDSM provide an entirely different rationale
for using a stability center, without ever changing it. In our implementation
either a SS or NS is always performed, as all SM variants we are aware of
only employ these (whereas Bundle methods exist that can make different
choices [3]). All this requires some quite obvious changes in some of the
standard formulee, such as using f; instead of f; in (7)) and (0).

— The ComputeD () subroutine extends (&) to d; = a;g; + (1 — ;)d;_1, where
g; and d;_; are either g; and d;_; or their projection over the tangent cone
T; of A at the stability center \;. Furthermore, possibly d; < Pr,(d;),
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yielding all 8 possible deflection schemes. Yet, since T; is convex, if both
g; and d;_q are projected then d; € T; already, thus projecting is avoided.
The (fixed) algorithmic parameter StepRes controls whether v; is com-
puted after d; (stepsize-restricted) or vice-versa (deflection-restricted). Since
computing d; requires «;, ComputeD() always comes after Deflection().
However, in the deflection-restricted approach, the safe rule (@) requires
v; in order to choose «;, and consequently Stepsize() has also to be
called before ComputeD (). Note that, in this case, (@) would require ||d;]|
before having computed d;, which is then replaced by ||d;—1||. The stepsize-
restricted case is more natural for (7)) in that d; is computed before v; is.
In PDSM, v; and «; are chosen simultaneously, and therefore StepRes has
no effect. Since we do not restrict ourselves to theoretically convergent
methods, we also allow to switch off the safe rules (@)/(I0).

To update the AS (if any), the primal solution @; (cf. §ZT.H) is needed,
which depends on the choice of a;. Hence, the AS can only be updated af-
ter that Deflection() has been called. However, if the AS changes, then
the vectors d;—1 and g; need to be updated to take into account the new
components, which in turn may change «;. Hence, after an AS update, we
compute again the deflection parameter «;, and in the deflection-restricted
scheme also the stepsize; the process is repeated until the AS remains
unchanged. Also, projection on T; should be re-done each time new vari-
ables are added. However, with A = R’} the projection can be computed
component-wise, hence only the new components of d;_1, g; and/or d; need
be dealt with.

The linearization error of g; at A; is

or=0;(N) = fi—[fit (N —XN)gi) = os(Nic1) —Afi—(Ni—Xi—1)gi » (11)

where Af; = fi_1 — f;. Note that Af; # Af; when a NS occurred at
iteration i — 1, i.e., \j = \j_; = Af; = 0. Convexity of f ensures that
o; > 0and g; € 9,, f(\i). Furthermore, o; can be easily kept updated when
\; changes using (), which is useful since it may play a role at different
points in the algorithm, such as some of the DR (cf. §A.3) and the stopping
tests (cf. next point). However, when projection is used, one rather wants
to compute the linearization error of the projected g; € O[f +1](\i). This
is why the projection of g; is not performed at Step 1, but it occurs before
updating \; at Step 5: so that, in case of a SS, the linearization error of
G is computed. A downside of this choice is that if \; changes at Step
5, then g; may have to be projected again in the next iteration; however,
projections (if at all required) are inexpensive in our applications.

An advantage of (8), which underlines all the analysis in [21], is that we can
similarly compute and keep updated the linearization error of d; w.r.t. \;.
That is, knowing that d; 1 € 9., , f()\i), one has d; € 9, f()\;) with ¢; =
ei(Mi) = ioi(N\) + (1 — a)e;_1(N\;). Also, ¢; can be cheaply updated after
a SS with €;(A\iy1) = €;(\)) — Afir1 — (Mix1 — \i)d;. This means, however,
that the same issue about projection arises here also.
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sn — In the un-deflected SM, it is possible to use the inverse of |g;|| in (T
n because as soon as ||g;|| = 0, one has proven the optimality of ;. Since
373 gi € 0o, f(\i), this also means that ); is o;-optimal. With the provisions
374 above, the same holds for d; (or it projection); that is one can stop when
375 both ||d;|| and ¢; are “small”. Our particular implementation is

t*lldil + € < mmax(L, [ f7) (12)
376 where t* is an appropriately chosen “large” scaling factor [25] and 7 is the
377 required final relative accuracy (typically, n = 1e-4).
s — As suggested in [54] (and in [3] in a different context), one could also use
379 the deflection parameter «; in a different way: not to change the gradient,
380 but the point where it is evaluated. That is, for the recursive formulae

Ni=adi+ 10 —a)dhios , fi=aifi+ (1 —a)finn

381 with (Ao, fo) = (0,0), one has f; > f()\;) for all i, and therefore an approx-
382 imation of the linearization error of d; with respect to \; is

& =é(\) = aigi(\) 4+ (1 —ap)é—1 ()

383 (With 6:1(5\1) = 5‘1(5\1) and 5‘1(5\1) = fi_[fi+(5\i_)\i)gi] = (1—ai)[fi_1 —
384 fi — (Mi=1 — Ai)gi]). Hence d; € O, f(A\;) for all ¢, which allows to also

385 employ the alternative stopping criterion

|l + & < mmax(1, | f7)) (13)
386 Testing ([I3) is free in PDSM, since all the terms involved have to be com-
387 puted anyway (cf. §A.3). For all the other approaches we only used (I2)),
388 for again in most cases ||d;|| and €; are required anyway in the SR and/or
389 the DR. However, both stopping conditions are hardly if ever satisfied in
390 practice, and typically the algorithm stops at the pre-set iterations limit.
s — At Step 4, some logic is used to decide whether an outer (full) iteration
302 is computed, thereby evaluating all the components, or only one compo-
303 nent is evaluated. This is done in a simple pattern: we perform one outer
304 iteration, followed by |K|+ 1 inner iterations, one for each of the different
395 components plus one for the linear component corresponding to the RHS.
396 As suggested in [956], we randomize the order in which the components
307 are chosen, with the random permutation changed at every outer iteration.
308 We experimented with different ratios between inner and outer iterations
399 but the results were inconclusive, with the simple approach being in general
400 the best one. Furthermore, this means that a group of |K| + 2 consecutive
201 iterations (one outer, the other inner) costs, at least as far as the subprob-
402 lem solution is concerned, as much as two full iterations. This is useful
403 when comparing the running time of the approaches, as discussed in §3.2
o When the AS strategy is used we update the AS only at full iterations,
405 since its cost is comparable to that of one full iteration (cf. again §3.2I),
406 and doing it more frequently would largely negate the advantage of having
a07 faster iterations. Updating the active set less frequently is possible, but it

408 has not shown to be computationally convenient in our application.
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— In the incremental SG, deflection is never used (a; = 1); there is no theo-
retical support for deflecting the inner steps, and also how to deflect outer
ones is unclear. For inner steps, ({) would require to compute the norm
of gi € df(\i), but only g¥ for one k € K is available. Following [50] we
replace ||g;|| by the global Lipschitz constant L of f, yielding

Fot) = i
Vi = By 14
7 /B’L X|IC|L2 ( )
where p(i) the last outer step before ¢ and x is an arbitrary constant. In
other words, one keeps the main part of the stepsize unchanged during
sequences of inner iterations between two outer ones. In the same vein in

our experiments we used 3; = f3,(;) and fz-le” = I%’).

3 Numerical experiments

We now present our extensive computational experiments on two different La-
grangian relaxations ot the Fixed-Charge Multicommodity Capacitated Net-
work Design (FC-MCND) problem [I8], rapidly recalled below.

3.1 Lagrangian relaxations for FC-MCND

Given a directed network G = (N, A), we must satisfy the demands of a set
of commodities K. Each k € K is an origin-destination pair (sg,t;) with an
associated demand d* > 0 that must flow between them, i.e., a deficit vector
V¥ = [b¥lien such that bf = —dF if i = sg, bF = d¥ if i = ¢, and bF = 0
otherwise. Each arc (4,j) € A can only be used, up to its mutual capacity
u;; > 0, if the corresponding fixed cost f;; > 0 is paid. Also, individual
capacities u¥, are imposed for each commodity k. Finally, the routing cost cfj
has to be paid for each unit of commodity k on (i,7). FC-MCND consists
in minimizing the sum of all costs while satisfying demand requirements and
capacity constraints, its classical arc-flow formulation being

min ), g Z(i,j)eA C?jxfj + Z(i,j)eA fiiyis (15)
Z(j,i)eAzfifz(i,j)eA:cfj =¥ 1eN,keK (16)
Sker T < Wil (i,5)e A (17)
‘T;Cj S u?jyij (%.7) € A ) k S K (18)
af; >0 (i,j)e A, ke K  (19)
Yij S {07 1} (’Lv]) S A (20)

For our tests we have employed two Lagrangian relaxations of FC-MCND.
In the first one relaxes constraints (I7)—(I8) with multipliers A\ = [a, 8] =
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[y, ﬁfj ltijyea , kex > 0, yielding the objective function

min Z(i,j)eA D okek (C§j+aij+ﬂfj)$§j+2(i,j)e,4 (fij—uijuii—> per Ufj fj)yzg

whose minimization subject to the remaining (@), (I9)—-@0Q) reduces to | K|
shortest path problems, plus |A]| trivial single-variable IPs. This justifies the
name “Flow Relaxation” (FR), although what is relaxed are rather knapsack-
type constraints. Since (@), (I9) only involve continuous variables, the LD pro-
vides the same bound as the continuous relaxation. Note that the constraints
([I8) are many; these being inequalities, this is the setting where AS techniques
can be expected to be effective [29]. An estimate of the Lipschitz constant,
useful for the incremental SM (cf. (Id))) as well as for PDSM (cf. (20)), is

L= \/Z(ij)eA(uij)Q + > hek Z(ij)eA(ufj)Q. Note that when the AS is used
the capacities entering the above formula are only those of the constraints in
the AS, and therefore L changes as the algorithm proceeds.

In the second relaxation one rather dualizes the flow conservation con-
straints ([6) with multipliers A = [\¥];en ke k., yielding the objective function

minZ(i,j)eA ( ZkeK(cfj + )‘i'c - A?)xfg + fijij ) [+ ZieN ZkeK )‘fbﬂ

whose minimization subject to the remaining (I7)—(20) basically decomposes
into |A| continuous knapsack problems, one to determine the optimal value of
each integer variable y;;. This justifies the name Knapsack Relaxation (KR),
although what is relaxed are flow conservation constraints. It can be shown
that, due to ([I8]), the relaxation has the integrality property: hence, as in the
previous case the LD gives the same bound as the continuous relaxation. The
number of multipliers is still rather large; however, these being equalities, it
is unlikely that many of them are not going to be active at optimality, and
therefore the AS technique is less likely to be effective. Unlike in the FR,
there are no sign constraints on the multipliers, and therefore no projection

is needed. The Lipschitz constant is L = \/ZkeK >ien(LF)?, where LE =
max|| — bf + 2 (iea ulyl s | = b — > (ij)ea ugsl]-
Note that, being (IH)—(20) a minimization problem (unlike (B])), both LD

are maximization problems (unlike (). This is easily catered in the implemen-
tation by changing the sign of the objective function and of the subgradients.

3.2 Experimental setup

We have implemented all the variants of SM within a general C++ framework for
nonsmooth optimization developed by the authors along the years. The frame-
work is based on two pure virtual classes, NDOSolver and FiOracle, which es-
tablish the interface between the optimization algorithm (in our case, the SM
implemented in the class NDOSolver: : Subgradient) and the oracle computing
f (in our case, the classes FiOracle: :FlowFiOrcl and FiOracle:KnapFiOrcl
for FR and KR, respectively). Other implementations of nonsmooth approaches,
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such as different forms of Bundle methods [325,29], were already available
within the framework. The Subgradient class in turn relies on two exter-
nal classes, Stepsize and Deflection, so that the different SR (cf. §2T.70))
and DR (cf. §212) can be implemented as derived classes from these. The
PDSM case, where v; and «; are set togethery, is easily accounted for by
having the corresponding Primal-Dual class to derive from both Stepsize
and Deflection. This shows that while the general scheme depicts the two
aspects as independent, there is no problem when they actually have to be
synchronized. Moreover, the code is designed for dealing with more complex A
requiring projection on knapsack-like constraints by means of the CQKnPClass
class [28]. The code has been compiled with GNU g++ 4.4.5 (with -03 op-
timization option) and ran single-threaded on an Opteron 6174 processor (12
cores, 2.2 GHz) with with 32 GB of RAM, under a 686 GNU /Linux operating
system. To solve the FR, we have used solvers from the MCFClass project,
available at http://www.di.unipi.it/optimize/Software/MCF.html, while
solving the KR basically just required a sort and was coded directly. When
comparing SM with other approaches we used Cplex 12.5.0.1 to solve LPs.

The numerical experiments have been performed on 80 randomly generated
instances, arranged in 20 groups of 4 instances each. The first 8 groups are of
small size. In the remaining 12 groups the number of nodes and arcs are chosen
as (20, 300), (30, 600), or (50, 1200), and for each of these |K] is chosen in {100,
200, 400, 800} (cf. Table[dl). We refer to [29] for more details; the instances can
be downloaded from http://www.di.unipi.it/optimize/Data/MMCF.html.

A nontrivial issue about our experiments is how to compare the perfor-
mances of the different SM. Our choice has been to record the running time
and the obtained lower bound of each variant with different iteration count
limits. For all non-incremental SM, we (somewhat arbitrarily) choose that
to be 100, 200, 500, 1000, 2000, 5000, and 10000 iterations. For incremen-
tal SM, whose inner iterations are faster, the iteration counts of 1000, 2000,
5000, 10000, 20000, 50000, 100000, 200000, 500000 and 1000000 were used
instead. We then charted the time required to reach a certain gap with the
(known) optimal value. An issue with this approach is that computing the
f value in instances of larger size is more costly, making it difficult to com-
pute aggregated results. Fortunately, for our instances a simple scaling was
sufficient. Indeed, we observed that the charts for the same SM variant and
different sizes were remarkably similar, and they became almost identical by
expressing them in normalized running time, i.e., dividing the running time by
|A] - |K|. This is reasonable because in both relaxations the computation of f
is O(JA] - | K]) up to logarithmic factors (] K| shortest paths with non-negative
arc costs, hence O(]A|log(|N])) each, vs. |A| continuous knapsack problems,
hence O(|K|log(|K])) each), and, given the limited range of |A| and | K|, any
logarithmic factor is almost constant. All the rest of the algorithm has a linear
cost in the number of variables n, which is (|4|+1)-| K| for the FR and |N|-|K]|
for the KR, but |A| is proportional to |N| as the graphs are sparse. With the
AS strategy n is actually (much) smaller, but identification of new violated
constraints is again O(|A| - |K]). All in all, the iteration cost is dominated by
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factors of roughly O(]4| - |K|), explaining why the running time scales pretty
much linearly in that quantity. It is also remarkable that the convergence speed
proved to be very similar as n varied by orders of magnitude (from 9040 to
960000 for the FR and from 800 to 40000 for the KR). This is not surpris-
ing, since the theoretical efficiency estimates of SM are typically independent
on n; our experiments confirm that the practical behaviour is in fact pretty
much invariant with n, hence that SM can be especially promising for very
large-scale problems. This allowed us to compare the different SM variants
by comparing their convergence graphs aggregated across all the 80 instances
of our test set. Note that incremental variants actually are randomized al-
gorithms due to the selection of the random reshuffle of the components at
each full iteration; however, since each graph aggregates results among many
instances, it is not necessary to repeat individual runs several times. All this
has been instrumental in allowing us to perform the extensive tuning phase,
detailed in §A.3, which led to the identification of the best results described
in the next paragraph.

A final relevant aspect of our computational tests concerns the fact that the
stepsize rules () /([I0) require some (lower) approximation f to f.. In order to
avoid target-level approaches we have worked with a fixed f. However, in order
to cater for the different cases that would occur when using these techniques
in IP, we have used two different configurations: in one f = f,, and in the
other f = f. —0.1|f.|. We denote the latter by “10%f.”; it corresponds to the
case where the best known solution to (@) is 10% more costly than the best
possible lower bound (somewhat on the “bad” side, but unfortunately not too
unlikely), so that even if f. were reached, the corresponding node in the B&C
tree could not be fathomed. The case f = f, is instead the one where the node
can be fathomed by the bound, if the latter is computed accurately enough.

3.3 Results for the FR

We now report the numerical results of SM on the FR, using the best param-
eters detailed in the §A.3. Each variant is represented in Figures [l and 2 by
means of a graph, with normalized total time (cf. §8.2)) on the horizontal axis
and average gap on the vertical one, both in logarithmic scale. We separately
report results for all combinations of the three variants of SR and the two
variants of DR (STSubgrad “(s)” and Volume “(v)”). We also report all SR
with the incremental approach “(i)” (with no deflection, cf. §22)), and the two
SA and WA variants of PDSM. For clarity, we divide both Figures in four
different quadrants, with the same scale on both axes to allow for comparison.
The upper two graphs (part (a)) depict results when the AS strategy is used,
and the lower two ones (part (b)) when it is not. The leftmost graphs depict
the approaches when deflection is used (Volume and Primal-Dual) and the
rightmost ones these where it is not (STSubgrad and incremental). Figure [II
reports the results with f = f,, while Figure [2 those with f = 10% f,; since
PDSM do not use f, the corresponding curves are the same in the two Fig-
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ures. We did not report the performances of incremental approaches without
the AS strategy because it was exceedingly slow. This is not surprising, be-
cause in the FR just forming the whole subgradient has a cost comparable to
that of solving all the subproblems, thereby negating any advantage in having

incremental iterations.
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Fig. 1 Results for the FR with lower bound f. (normalized time vs. average gap)

The following remarks can be made about the results.

Deflected approaches are much more efficient than non-deflected ones, as
can be seen by comparing the same SR (left vs. right graphs). This requires
properly choosing how to deflect and which vectors among d;, d;—; and g;
is better to project. However, as discussed in §A.4, the different forms
of projection have a limited impact on the performances, as long as any
projection is performed, so deflection is most definitely the way to go.

Incremental approaches are not competitive, which is likely due to the com-
bination of two factors. On the one hand, they are not deflected (cf. above).
On the other hand n is large, so that just forming g* requires much more
time than computing f¥. Thus, each iteration has a large “fixed cost”,
independent on how many components are computed, besides that of com-
puting f. While the AS strategy manages to decrease this cost, it is still not
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Fig. 2 Results for the FR with lower bound 10% f« (normalized time vs. average gap)

enough to make the incremental approach competitive. For this to happen
n should be “small” w.r.t. the cost of computing each f*, although if the
latter is very large then other approaches may be preferable, cf. §3.5
PDSM are most often not competitive, although their convergence is very
stable. The WA is typically better than the SA, as the theory suggests.
PDSM can still be considered attractive in view of the very limited effort
required to tune them; yet, finely tuned SM with other DR and SR can be
significantly more effective. This may be partly due to the fact that PDSM
do not use any available information about f*, while (7)) /([I0) do. We also
experimented with providing PDSM other information about the optimal
solution to (@) (cf. §A.3), but with no success.

The AS technique is in general beneficial: SM are somewhat faster in per-
forming the same number of iterations (the topmost graphs in both Figures
terminate more on the left than the bottom ones), while the convergence
rate is usually similar. There are, however, exceptions. For instance, in
“(v)” SM the AS can actually improve convergence speed (especially in
Figure [2), while the converse happens for PDSM. This is not surprising
since, to the best of our knowledge, AS techniques in the PSDM have never
been analyzed; this may suggest that some specific theoretical development
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588 may be useful in practice.

se0 3.4 Results for the KR

so The results of the KR are summarized in Figure Bl with largely the same
sa notation as for the FR case. However, in this case the AS technique is not
o used, so only one figure is needed: part (a) is for f = f., while part (b) is for
s [ = 10%f.. Since PDSM do not use f, the corresponding curves are identical.
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Fig. 3 Results for the KR (normalized time vs. average gap)

504 The following remarks can be made about the results:

ss — By and large, the same trends seen in the FR case show up here in terms
596 of strong benefits of deflection and no benefits of incremental approaches.
sv  — PDSM are even less competitive. This may be due to the fact that they
598 have been developed under some sort of compactness assumption on A
509 (cf. 1)), and actually use its (estimated) diameter in setting the algorith-
600 mic parameters. In the KR, not only the feasible set is unbounded (this
601 was true for the FR as well); since the relaxed constraints (If) are rank-

602 deficient, the set of optimal solutions is also unbounded. This seems to



603

604

605

606

607

608

609

610

611

612

613

614

615

616

617

618

619

620

621

622

623

624

625

626

627

628

629

630

631

632

633

634

635

636

637

638

639

640

641

642

643

644

645

On the computational efficiency of subgradient methods 19

significantly affect the practical behaviour of PDSM.

Figure Bl(a) for f = f. shows a peculiar behaviour of the FumeroTV rule:
while it is the most efficient as it runs, it stops far before the maximal
iteration limit because v; become too small, thereby getting a far worse
final gap than the other variants (although quickly). This seems to be an
issue with the rule, and no choice of the parameters we tested was able to
avoid it. Interestingly, this only happens with deflection: it does not with
STSubgrad, nor with f = 10%f.. It may be possible that some settings
that we have not tested may avoid this behaviour, but we elected to keep
this as a cautionary tale about the fact that heuristic rules, while possibly
working well in many cases, may fail sometimes.

The convergence graph of ColorTV is noticeably shorter than the others
(save for FumeroTV), as it often attains the required gap of le-4 against
the known lower bound f., at which point it is stopped. This can actually
happen in the IP application, since f. < cu may happen (the B&C node
can be fathomed by the bound), which is particularly useful because the
standard stopping rules (I2])/([I3]) are scarcely effective.

In general, the KR provides better bounds more quickly than the FR,
confirming previous experiences [19].

3.5 Comparison with Cplex and Bundle methods

We now compare the best SM with two other approaches which provide the
very same bound: solving the LP relaxation of ([IH)—-@0) with a general-
purpose LP solver, and solving the LD of the FR and the KR with a Bundle
method. The experiments were performed as follows:

For Cplex, an optimality gap of 1e-6 has been set, and always attained.
Tuning also has been performed by testing all of the available LP algo-
rithms and selecteing the dual simplex one, which provided the best per-
formances; it was, however, almost always the algorithm chosen by the
“automatic” setting. Also, the (many) constraints (I¥]) have been intro-
duced in the formulation as lazy constraints—the equivalent of using the
AS strategy in SM—which was crucial for performances (cf. [29] Table 4]).
We experimented with passing f. to Cplex; since a dual simplex method
is used, this might have allowed Cplex to stop as soon as a(n approxi-
mately) dual solution is achieved. However, this turned out to be of no
use, precisely due to lazy constraints: Cplex separates them only when a
feasible primal solution is attained, which is only at the end of the dual
simplex. Not using the lazy constraints allowed Cplex to stop sooner when
the information was provided, but it resulted in a hugely increased running
time. By contrast, the other algorithms use infeasible primal solutions to
do separation, and therefore do not suffer from this issue.

For the Bundle method [25] a gap of 1e-4 was required, although, unlike
with SM, requiring a higher accuracy may only come at the cost of a
comparatively minor increase in running times [29, Table 3 and Table 6].



646

647

648

649

650

651

652

653

654

655

656

657

658

659

660

661

662

663

664

665

666

667

668

669

670

20

Antonio Frangioni et al.

The Bundle algorithm was also provided with f., which it uses both to
stop as soon as a solution with accuracy le-4 is attained and to improve
the cutting plane model it uses to drive the search. We used two different
variants of the Bundle method for the two LD. For the FR we used the
fully disaggregated version with “easy component” and linear stabilization,
denoted by DE-L in the table, that has been proven in [29]—after extensive
tuning—to be the best option. It requires a costly master problem, which
takes by far the largest fraction of running time, but it attains the desired
solution in a very small number of iterations. For the KR, after extensive
tuning (not discussed here in details) we found the best Bundle variant
to rather be the one that uses a fully aggregated master problem with
quadratic stabilization (denoted by AK-Q in the table), where the master
problem is solved with the specialized QP solver of [24].

For SM, we report results corresponding to the best options identified in
the previous phase. In particular, for the FR we have used Volume as DR
and Polyak as SR (denoted by FVP in the table), with the AS strategy,
while for the KR we have used Volume as DR, but ColorTV as the SR
(denoted by KVC in the table). For both algorithms, we have set f = f.,
and required a gap of 1e-4. We also set an iteration limit of 5000, as it
seemed to represent the best compromise between accuracy of the achieved
solution and running time. FVP invariably stopped at the iteration limit, so
we only report the final gap. KVC instead often—but not always—reached
le-4 accuracy before the iteration limit, thus we report both the number
of iterations and the final gap.

dimension Cplex FVP KVC DE-L AK-Q

IN| |A] |K]| time| time gap| time iter gap| time iter| time iter
20 226 40 0.05| 1.76 le-3| 0.12 881 9e-5| 0.09 12| 0.25 1233
20 230 200| 17.71| 11.07 2e-3| 5.39 4738 le-4| 16.34 30| 10.44 8084
20 292 40 0.05| 2.17 1e-3| 0.10 602 le-4| 0.09 10| 0.12 480
20 292 200 16.42| 14.12 le-3| 6.08 4604 le-4| 12.54 28| 8.50 5225
30 519 100 9.48| 16.53 2e-3| 3.15 3709 2e-4| 10.05 34| 8.05 7073
30 519 400| 191.30| 87.07 1le-3| 20.62 4631 le-4| 80.28 25| 57.42 6713
30 684 100 7.04| 24.85 2e-3| 3.27 3141 le-4| 10.90 53| 5.03 3499
30 692 400| 450.36|125.89 le-3| 26.16 4903 2e-4)|188.33 32| 82.67 9830

©oloo 1 o Ttk w o~ Ik

20 300 100 5.73] 10.21 3e-3| 2.52 5000 2e-4| 7.36 35| 3.62 5181
10| 20 300 200| 26.62| 24.29 le-3| 6.65 5000 2e-4| 19.96 30| 10.10 6083
11| 20 300 400| 42.95| 46.54 le-3| 17.45 4051 le-4| 16.77 26| 38.18 5920
12| 20 300 800| 148.35]|107.66 le-3| 25.42 3538 le-4| 38.32 23| 33.76 3232

13| 30 600 100| 18.68| 23.78 le-3| 6.13 4708 2e-4| 7.93 42| 11.16 6496
14| 30 600 200| 50.89| 44.94 9e-4| 14.09 3368 le-4| 8.93 34| 25.59 3896
15| 30 600 400| 104.10|101.11 8e-4| 20.98 3208 le-4| 11.51 22| 30.55 3345
16| 30 600 800| 732.87|199.27 9e-4| 52.98 3093 le-4| 61.28 25| 84.30 3761

17| 50 1200 100| 51.91| 56.21 le-3| 10.74 3580 le-4| 3.69 48| 33.20 8985
18| 50 1200 200| 224.47|101.93 le-3| 30.42 4666 le-4| 34.27 43| 59.89 7536
19| 50 1200 400| 833.57|227.48 9e-4| 79.22 4499 le-4| 52.60 34|154.41 7630
20| 50 1200 800 |3749.56 |468.26 8e-4|180.41 4900 le-4| 76.22 25|168.72 4174

Table 1 Comparison of the best SM with Cplex and Bundle methods

The results are reported in Table [ which shows some interesting trends.
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While for small-scale instances direct use of an LP solver is the best option, de-
composition approaches become more and more competitive as the size grows.
Often the Bundle method using “complex” master problems (DE-L) is the best
option; the approach also has the advantage that one can get very high-quality
dual solutions, and the corresponding accurate optimal primal solutions, with
a comparatively minor increase in effort [29]. However, as the size increases,
the master problem cost becomes very high; thus, methods that use cheaper
master problems can be competitive even if they require many more iterations.
In particular, with only one exception (group 20), KVC is faster than AK-Q,
while obtaining a roughly comparable gap; it is fair to remark, however, that
KVC did not always attain the required 1e-4 accuracy, although it was always
pretty close, whereas AK-Q always did. Yet, this confirms previous experience
[13] that aggregated Bundle methods do not always attain significantly higher
convergence rates than well-tuned SM, despite collecting far more information
and paying the corresponding price in terms of master problem time. Inter-
estingly, in several cases (groups 2, 4-8, 10 and 12), KVC obtains comparable
gaps than DE-L in less time, often significantly so. These results requiring ac-
curate selection of the many parameters, and partly hinge on the availability
of (at least approximate) bounds on the optimal value of the problem; hence,
standard techniques like the use of general-purpose solvers, or even more stable
nondifferentiable optimization approaches like Bundle methods, can be more
appropriate if these conditions are not met. However, our study confirms that
appropriately tuned SM can be competitive for efficiently computing (not too
tight) bounds for hard, large-scale IPs.

4 Conclusion

We have computationally analysed a large class of Subgradient Methods, cov-
ering many of the ones proposed in the literature so far, for the solution of
large-scale Lagrangian Duals of hard Integer Programs. The specific features
of this application are that the number of variables is large, the computation
of the function decomposes into many independent problems, and only a rel-
atively poor accuracy is required. Our results show that, although the total
number of variants (comprised the possible settings for the numerical algorith-
mic parameters) is rather large, it is not exceedingly difficult to find settings
that work reasonably well across a large family of instances. Provided that
the appropriate tuning is made, SM perform roughly as expected: while their
global rate of convergence is far from being appealing, their very low cost per
iteration—in particular, outside of the function computation—can make up
for it as long as a relatively coarse bound is required.

Our interest in performing these experiments was partly about understand-
ing the computational significance of the theory developed in [2I]. In this
sense, we can report that the ideas developed therein actually seem to have
an impact: deflecting is indeed crucial for good performances of a SM, and
deflection and projection do work better together (cf. Table [2)). Interestingly,
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deflection-restricted approaches, developed for proving theoretical convergence
of SM, actually seem to work well in practice in some cases (cf. Table[3). What
mostly motivated our interest, however, was the hope that two relatively re-
cent additions to the arsenal of SM, namely incremental and primal-dual ap-
proaches, could significantly improve the performances with respect to more
“traditional” ones. Limited to the very specific instances and problems we have
tested, and against our expectations, this proved less successful. In hindsight,
this might have been expected for incremental methods: the size of the vari-
ables space is large, while the subproblems are of very low complexity, which
means that the “fixed cost” for each iteration (even if AS techniques are ap-
plied) largely makes partial computation of f irrelevant. There very likely are
IPs where these trade-offs are different, and therefore incremental methods can
be competitive, especially if theoretical developments—e.g., along the lines of
[63]—would allow incorporating deflection techniques. As far as PDSM are
concerned, the results are promising in that they show a very consistent be-
haviour with a much lower need of tuning parameters. Still, carefully tuned
version of traditional SM can significantly outperform them in most scenarios.
Our results seem to suggest that PDSM may be improved in practice by:

— exploiting information about the optimal value of the problem;

— adapting the approach to cope with an active-set strategy;

— adapting the theory to cope with cases where the feasible set, and even
worse the optimal set, is unbounded.

We hope that our analysis will stimulate further research along these lines.

A different line of research concerns the actual use of SM within enumer-
ative approaches for the IP. In such a framework, trading faster bound com-
putation for lower bound quality can indeed improve the overall efficiency of
the approach, but only if the right trade-offs are made. Furthermore, solution
of the LD is required not once, but in each B&C node; hence, reoptimization
techniques, whereby the information generated at the parent node is exploited
to improve the solution time at its descendants, become crucial. Which SM
are more efficient in this context, in terms of the global running time of the
enumerative algorithm rather than of any single bound computation, is an
open question that we intend to pursue in the future.
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A Appendix

We now describe all the details of the SM that we have tested, together with the results of the
tuning phase. We remark that for some parameters it is nontrivial even to set a reasonable
ranges for the values. Our approach has been to select the initial range heuristically, and
then test it: if the best value consistently ended up being at one extreme, this was taken as
indication that the interval should be enlarged accordingly. This hinges on the assumption
that the behaviour of the algorithm is somewhat “monotonic” in the parameters; while this
is not necessarily true, for the vast majority of parameters a “monotonic” behaviour has
been verified experimentally, in that we almost never found the case where different settings
“far apart” provided better performances than these “in the middle.”

A.1 General parameters of SM

The following parameters are common to all variants of SM we tested, basically irrespective
of the specific rules for choosing the stepsize and the deflection.

— We denote by pr C {g;, di—1, d; } the subset of vectors that are projected on the
tangent cone T; of A at X;; in all our tests, pr does not depend on the iteration. As
already remarked, pr = {g;, di—1, d; } makes no sense as T; is convex. Furthermore,
when no deflection is done d; = g; and therefore only pr = { g; } and pr = () make sense.

— Regarding the order in which the stepsize and the deflection are chosen, we denote by
sg € {drs, dr0, srs, sr0} the four possible schemes, where “dr” and “sr” refer to the
deflection-restricted and stepsize-restricted approach, respectively, while “s” and “0”
refer to using or not the safe rule ((I0) and (@), respectively). Of course, drs and dr0
only apply if deflection is performed.

— We denote by x the parameter used to adjust the Lipschitz constant L in the incremental
case, cf. ([[4), for which we tested the values x = 1le-v for v € {0,...,8}.

— For the AS, one crucial decision is how often separation is performed: doing it less often
avoids some computations, but at the risk of ignoring possibly relevant information for
too long. We performed separation after the fixed number s1 € {0, 1} of iterations, i.e.,
either not using the AS at all or separating every iteration. Initial tests showed that
larger values of s; were not effective.

A .2 Parameters of the SR

We now examine in details the parameters of the three SR. Since all of them have the form
(@), we are looking at different ways for determining 3; and ffev.

Polyak In this SR 3; and f/¥ are kept fixed at all iterations. Here, we exploit the fact

that in our application we know have “target value” f and simply test the two cases flev e
{f+,10%f«}. As for the other parameter, we tested 8 € {0.01, 0.1, 1, 1.5, 1.99 }.

ColorTV This SR is based on the improvement Af = f;_1 — f; of f and the scalar product
d;g; to estimate “how successful a step has been.” Note, however, that in deflection-restricted
schemes (i.e., drs and dr0) d; is not available and we use d;_1g; instead. Iteration ¢ is marked
as green if djg; > p and Af > p max{|ff°°|,1}, as yellow if d;g; < p and Af > 0, and
as red otherwise, where p > 0 is a tolerance. Intuitively, green is a “good” step possibly
indicating that a larger v; may have been preferable, whereas red is a “bad” one suggesting
that v; is too large. Given three parameters ¢y, cy and ¢, and denoting by ng,ny and n,
the number of consecutive green, yellow and red iterations, respectively, 5; is updated as:

1. if ng > ¢4 then set 8; = min{ 2, 23,1 };
2. if ny > ¢y then set 8; = min{2, 1.18;_1 };
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3. if ny > ¢, then then set 8; = max{ 5e-4 , 0.678;_1 };
4. if none of the above cases occur, then set 8; = 8;_1.

One important parameter is therefore the arbitrarily fixed value Bg. Also, the SR includes a
simple target-following scheme whereby if f; < 1.05fl.le” then file” = fi 70.05file” (note that
this never happens for f!¢¥ = 10%f.). For this SR we kept p = 1e-6 fixed and we tested all
combinations of 8y € {0.01,0.1,1,1.5,1.99}, ¢4 € {1,10,50}, ¢y € {50, 100, 400 },
and ¢, € {10, 20, 50 }.

FumeroTV This SR has a complex management of f/°* and ;, motivated by experimental
considerations [31], that is subdivided into two distinct phases. The switch between the two
is an iteration counter r, that is increased each time there is no improvement in the function
value. This counter is used to define the exponential function o(r) = 670‘6933“/7‘1)3.26,
where r1 is a parameter; note that o(r1) ~ 1/2, which is how the two apparently weird
numerical parameters have been selected. The function o, which is decreasing in r, is used
in two ways. The first is to determine the maximum number of non-improving steps, which
is the smallest integer ro such that oo > o(r2), where the threshold oo > 0 is another
parameter: given r1 and 0, 72 can be obtained with a simple closed formula. The second
is to construct at each iteration the value of ffev as a convex combination of the known
global lower bound f (which, not incidentally, this algorithm specifically tailored for IP

is the only one to explicitly use) and the current record value as fl*¥ = o(r)f + (1 —
o(r))fre¢. In the first phase, when r varies, the threshold varies as well: as o(r) decreases
when r grows, ffev is kept closer and closer to f;°¢ as the algorithm proceeds. In the second
phase (r > r2), where r is no longer updated, o(r) = 0so. The procedure for updating
r and B; uses four algorithmic parameters: a tolerance 6 > 0, two integer numbers 7
and 72 > 1, and the initial value So € (0,2). The procedure is divided in two phases,
according to the fact that the iteration counter r (initialized to 0) is smaller or larger than
the threshold ro. Similarly to ColorTV, the rule keeps a record value f; (similar, but not
necessarily identical, to f7°¢) and declares a “good” step whenever f; < f; — & max{|f;|, 1},
in which case f is updated to f;. In either phase, the number of consecutive “non-good”
steps is counted. In the first phase, after 72 such steps r is increased by one, and f; is
updated as 8; = Bi—1/(28i—1 + 1). In the second phase r is no longer updated: after
every “good” step [3; is doubled, whereas after 7; “non good” steps (3; is halved. In the
tuning phase we tested the following values for the parameters: 000 € { le-4, 1le-3, 1e-2
}, 8 =1e-6, r1 € {10, 50, 100, 150, 200, 250, 300, 350 }, Bo € {0.01, 0.1, 1, 1.5, 1.99},
m € {10, 50, 100, 150, 200, 250, 300, 350 }, n2 € {10, 50, 100, 150, 200 }.

A.3 Parameters of the DR

We now describe in details the two “complex” DR that we have tested (STSubgrad, where
a; =1 = d; = g; and A\j41 = A;41 for all 7, hardly needs any comment). Note that the
selection of A\;41 is also done by the Deflection() object.

Primal-Dual The PDSM is based on a sophisticated convergence analysis aimed at ob-
taining optimal a-priori complexity estimates [54]. A basic assumption of PDSM is that A
is endowed with a proz-function d()\), and that one solves the modified form of ()

min{ f(\) : d\) < D, A€ A} (21)

restricted upon a compact subset of the feasible region, where D > 0 is a parameter. D is
never directly used in the algorithm, except to optimally tune its parameters; hence, (21
can always be considered if f has a minimum .. In particular, we take d(\) = ||A — Xo||?/2,
in which case D = ||A« — Ao||2/2. In general D is unknown; however, the parameter “t*” in
the stopping formulee ([I2])/(I3) is somehow related. Roughly speaking, t* estimates how far
at most one can move along a subgradient g; € df(\;) when X\; is an approzimately optimal
solution. The parameter, that it used in the same way by Bundle methods, is independent
from the specific solution algorithm and has been individually tuned (which is simple enough,
ex-post); hence, D = (t*)2L is a possible estimate. Yet, t* is supposed to measure ||\* — ;||
for a “good” A;, whereas D requires the initial Ao, which typically is not “good”: hence,
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we introduced a further scaling factor F' > 0, i.e., took v = (Fv/L)/(t*v/2) for SA and
v = F/(t*v2L) for WA (cf. @), and we experimentally tuned F. In general one would
expect F' > 1, and the results confirm this; however, to be on the safe side we tested all the
values F' € { le-4, 1e-3, le-2,1e-1, 1, lel, 1le2, 1e3, 1le4 }. As suggested by one Referee
we also tested using D = ||[A« — Ao||?/2, with A« obtained by some previous optimization.
The results clearly showed that the “exact” estimate of D not always translated in the best
performances; in particular, for the FR the results were always consistently worse, whereas
for the KR the results were much worse for WA, and completely comparable (but not any
better) for SA. This is why in the end we reported results with the tuned value of F.

For the rest, PDSM basically have no tunable parameters. It has to be remarked, how-
ever, that PDSM are not, on the outset, based on a simple recurrence of the form (&); rather,
given two sequences of weights {v;} and {w;}, the next iterate is obtained as

Xi41 = argmin{ A22:1 Upgk + wid(A) t A€ A} . (22)
Yet, when A = R"™ ([22)) readily reduces to (), as the following Lemma shows.

Lemma 1 Assume A =R", select d(\) = [|A— Moll2/2, fiz \i = Mo for alli >0 in @). By
defining Ay = >_}_1 vk, the following DR and SR

o = Ui/Ai (6 [0, 1}) and Vi = Ai/wi (23)
are such that \i+1 produced by @2) is the same produced by (@) and ([@).

Proof Under the assumptions, (22)) is a strictly convex unconstrained quadratic problem,
whose optimal solution is immediately available by the closed formula

Xit1 = Ao — (1/wi) Sjoy Uk - (24)
This clearly is () under the SR in ([23)) provided that one shows that the DR in ([23]) produces
di = (Ch1 vkgr)/Ai -

This is indeed easy to show by induction. For ¢ = 1 one immediately obtains di = g;. For
the inductive case, one just has to note that

] Vil _ Ajp1 —vig1 4
At Ait1 Ait
to obtain
. 1
Vi1 A k1 VkGk 1S
dig1 = aip1gip1 + (1= aip1)di = gy + —— =k=1 = > vkgk: O
i+1 Ait1 A; Aivr

Interestingly, the same happens if simple sign constraints A > 0 are present, which is what
we actually have whenever A # R™.

Lemma 2 If A =R", the same conclusion as in Lemma[ll hold after P o(Xit1).

Proof Tt is easy to see that the optimal solution of ([22) with A = R? is equal to that with
A =R", ie. @), projected over R”. O

Therefore, implementing the DR and the SR as in ([23)), and never updating Xi = Ao, allow
us to fit PDSM in our general scheme. To choose v; and w; we follow the suggestions in
[54]: the SA approach corresponds to v; = 1, and the WA one to v; = 1/||g;||. We then set
w; = y@;, where v > 0 is a constant, and &g = &1 = 1, &; = ©j—1 + 1/@;—1 for i > 2,
which implies ©;41 = ZZ:O 1/&p. The analysis in [54] suggests settings for v that provide
the best possible theoretical convergence, i.e.,

v =L/vV2D and v=1/v2D , (25)

for the SA and WA, respectively, L being the Lipschitz constant of f.
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Volume In this DR, «; is obtained as the optimal solution of a univariate quadratic prob-
lem. As suggested in [5], and somewhat differently from the original [6], we use exactly the
“poorman’s form” of the master problem of the proximal Bundle method

min { vi_1 [|agi + (1 — a)di—1[|* /2 + aoi (M) + (1 — a)ei—1(Ni) + @ €[0,1] }  (26)

where the linearization errors o;()\;) and €;_1(\;) have been discussed in details in §2.2
Note that we use the stepsize v;_1 of the previous iteration as stability weight, since that
term corresponds to the stepsize that one would do along the dual optimal solution in a
Bundle method [BI[Bl25]. It may be worth remarking that the dual of (26

min { max{ g;d — o5(X;), di—1d — ei_1(Ns) } + |d]|?/(2vi—1) } (27)

where d = A=)\, is closely tied to (22)) in PDSM. The difference is that (7)) uses two (approx-
imate) subgradients, g; and d;, whereas in ([22]) one uses only one (approximate) subgradient
obtained as weighted average of the ones generated at previous iterations. Problem (Z8) is
inexpensive, because without the constraint o € [0, 1] it has the closed-form solution

of = eim1(Ni) —oi(N) —vi1di—1(gi — di—1)
! vicillgi — di—1]|?

)

and thus one can obtain its optimal solution by simply projecting «} over [0, 1]. However,
as suggested in [5I[6] we rather chose «; in the more safeguarded way

a;i—1/10 ifay <1le—38
a; = |min{7;, 1.0} if of >1
o otherwise

7

where 7; is initialized to 70, and each 7, iterations is decreased multiplying it by 7y <
1, while ensuring that it remains larger than 7,in. The choice of the stability center is
also dictated by a parameter m > 0 akin that used in Bundle methods: if f; — fi+1 >
mmax{1, \fZ:ef|} a Serious Step occurs and \; 41 = A;+1, otherwise a Null Step takes place
and A;+1 = A;. For the tuning phase we have searched all the combinations of the following
values for the above parameters: 70 € {0.01,0.1,1,10}, 7, € {10, 50, 100, 200, 500 },
77 €{0.1,0.4,0.8,0.9, 0.99}, Tin € { 1le-4, 1e-5 }, m € {0.01, 0.1 }.

A .4 Detailed results of the tuning phase

The tuning phase required a substantial computational work, and a nontrivial analysis of
the results. As discussed in §3.2] each SM configuration gave rise to an aggregated conver-
gence graph. To select the best configurations, the graphs were visually inspected, and the
ones corresponding to a better overall convergence rates were selected. This usually was the
configuration providing the best final gap for all instances. Occasionally, other configura-
tions gave better results than the chosen one in the earlier stages of the algorithm on some
subsets of the instances; usually the advantage was marginal at best, and only on a fraction
of the cases, while the disadvantage in terms of final result was pronounced. In general it
has always been possible to find “robust” settings that provided the best (or close so) gap
at termination, but were not too far from the best gaps even in all the other stages. Further-
more, although the total number of possible combinations was rather large, it turned out
that only a relatively small set of parameters had a significant impact on the performances,
and in most of the cases their effect was almost orthogonal to each other. This allowed us
to effectively single out “robust” configurations for our test sets; for several of the param-
eters, the “optimal” choice has been unique across all instances, which may provide useful
indications even for different problems.

For the sake of clarity and conciseness, in Tables [2] and [3] we report the chosen values
of the parameters for FR and KR, respectively, briefly remarking about the effect of each
parameter and their relationships. The behaviour of SM was pretty similar in the two cases
f = f« and f = 10% f«; hence, the tables report the values for f = fx, indicating in “[|” these
for f = 10%f« if they happen to be different. The tables focus on the combinations between
the three SR and the two DR, plus the incremental case; the parameters of Primal-Dual
variant are presented separately since the SR is combined with the DR.
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Results f07“ the FR. The results for FR are summarized in Table B except for those
settings that are constantly optimal. In particular, STSubgrad and Incremental have better
performances with pr = {g; }, irrespective of the SR. For Volume, instead, the optimal setting
of pr does depend on the SR, although pr = {d;} and pr = {d;_1 } were hardly different. All
the other parameters of Volume depend on the SR (although the stepsize-restricted scheme
with no safe rule is often good), except Tmin and m that are always best set to le-4 and
0.1, respectively. Another interesting observation is that, while Volume does have several
parameters, it does seem that they operate quite independently of each other, as changing
one of them always has a similar effect irrespective of the others. We also mention that for
ColorTV the parameters cy and c, have little impact on the performance, whereas cg plays
an important role and it significantly influences the quality of the results. As for FumeroTV,
0 and 72 have hardly any impact, and we arbitrarily set them to 1e-4 and 50, respectively.

Polyak ColorTV FumeroTV
Bi Bo Cg Cy Cr Bo T m
0.01 0.1 50 400 50 0.1 150 50
Volume [10] (100]
To 10 1 1
Ty .8 .8 .8[.9]
Ti 200 [100] 100 100 [200]
pr {di,di—1} [di—1] gi gi [di—1]
sg sr0 [srs] sr0 sr0 [drs]
1.5 1.5 1 50 50 | 1.99 200 250
STSubgrad [0.01] [1.5] [50]  [150]
sg sr0 s70 [srs] sr0
1.5 1.99 50 100 50 | 1.99 300 300
Incremental [0.1] [1.5] [10]  [400] [1.5] [50]  [100]
X le-3[1le-2] le-3 le-3
sg s70 [srs] s70 [srs] sr0

Table 2 Optimal parameters for the Flow Relazation

In PDSM, the only crucial value is F', used to compute the optimal value of v in ([23). We
found its best value to be 1e2 and 1e3 for SA and WA, respectively. The choice has a large
impact on performances, which significantly worsen for values far from these.

Results fOT the KR. The best parameters for the KR are reported in Table [l Although
the best values are in general different from the FR, confirming the (unfortunate) need for
problem-specific parameter tuning, similar observations as in that case can be made. For
instance, for Volume, the parameters were still more or less independent from each other, and
Tmin and m were still hardly impacting, with the values 1e-4 and 0.1 still very adequate. For
ColorTV, results are again quite stable varying cy. Yet, differences can be noted: for instance,
for FR cg is clearly the most significant parameter and dictates most of the performance
variations, while for the KR the relationship between the two parameters c¢; and cg and the
results is less clear. Similarly, for FumeroTV some settings are conserved: o~ and 72 have
very little effect and can be set to 1e-4 and 50, respectively. Other cases were different: for
instance the parameters 71, r1 and Bp were more independent on each other than in the FR.

The parameters of Primal-Dual showed to be quite independent from the underlying
Lagrangian approach, with the best value of F' still being 1e2 for SA and 1e3 for WA. This
confirms the higher overall robustness of the approach.

We terminate the Appendix with a short table detailing which of the variants of SM
that we tested have a formal proof of convergence and where it can be found, indicating the
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Polyak ColorTV FumeroTV
Bi Bo cg ¢y cr Bo 11 n
0.1 0.1 50 50 50 0.1 10 10
[10] [50] [50]
0 1 1 1[10]
Volume T 91.8] 8 9] 99[.8]
i 50 100 [50] 50 [200]
sg dr0 [srs] dr0 [srs] dr0 [drs]
1.5 .01 50 50 50 | 1.99 50 250
STSubgrad [1] (0]  [200]
sg sr0 sr0 sr0
1.5 1 50 100 50 1.5 100 100
Incremental [-1] [01]  [10] (1] [10]
X le-5 [1e-6] le-5 le-5
sg sr0 sTS sr0

Table 3 Optimal parameters for the Knapsack Relazation

962 references wherein the proofs are given. The columns DR and SR, as usual, indicate which
963 ones among the possible defection and stepsize rules are adopted; an entry “any” means
964 that the corresponding proof holds for all the rules. Moreover, PR, AS and IN, respectively,
965 stands for the strategies: (i) projection, (ii) active set and (iii) incremental.

DR SR PR AS IN |Reference

Primal-Dual no no no [55]
STSubgrad Polyak no no no [58]
STSubgrad FumeroTV no no no [31]
STSubgrad any yes no no 21]
STSubgrad any no no yes 9l
Volume ColorTV. no no no [6]
Volume any yes no no 211

Table 4 Theoretical convergence proofs of the employed SM
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